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In this paper, a calculation routine based on product operator
formalism and coherence pathway is presented, which describes t1

noise and sensitivity in pulsed field gradient experiments. Several
examples including the absolute value mode pulsed field gradient
COSY, MQF-COSY, MQC, HMQC, and NOESY sequences are
investigated to study the t1 noise stemming from the phase errors
of radiofrequency (RF) pulses and the sensitivity affected by RF
pulse rotation angles. Our theoretical results indicate that the t1

noises in P-type COSY, multiple-quantum-filtered (MQF)-COSY,
and multiple-quantum coherence (MQC) are lower than those in
the N-type corresponding experiments, while in HMQC and
NOESY there is no difference in t1 noise effects between P-type
nd N-type spectra. Meanwhile, from the calculations, we ob-
ained the optimized RF pulse rotation angles in those sequences.
n MQF-COSY, an increase in sensitivity of about 4(cos2u

sinq212u)2 2 1 (u 5 arc cot =2/(q 2 1) 1 1)can be achieved by
sing the optimized angles. In MQC, the increase is 2 cos2u

sinq212u 2 1 (u 5 arc cot =2/(q 2 1) 1 1). MQF-COSY experi-
ents are also carried out to support our corresponding theoret-

cal results. © 2000 Academic Press

Key Words: NMR; PFG; t1 noise; sensitivity; RF pulse.

I. INTRODUCTION

The applications of NMR spectroscopy are often limited
the low concentration of molecules of interest in situat
such asin vivo spectroscopy (1). As a result, any means
increasing the signal strength or decreasing noise is impo
The signal strength andt 1 noise are closely related to the
(radiofrequency) pulses of sequence. The arbitrary phase
of RF pulses caused by instrumental irreproducibilities
result int 1 noise. Recently the ratio oft 1 noise in P-type to tha
in N-type spectra has been evaluated in the PFG (pulsed
gradient) COSY experiment (2, 3). In addition, the rotatio

ngles of RF pulses will determine the amplitude of the
ervable signal. For example, RF pulse angles other tha
ave been used to detect double-quantum frequencies (4, 5).
In this paper, we use a convenient calculation routin

escribe the effects of RF pulses on the phase error
mplitude of the FID signal. Based on the product ope

ormalism (6), in combination with the coherence pathway,

1 To whom correspondence should be addressed. E-mail: Lin
ingxian.xmu.edu.cn.
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alculated the absolute value mode PFG COSY, MQF-C
multiple-quantum-filtered COSY), MQC (multiple-quant
oherence), HMQC, and NOESY experiments (7, 8). From the
alculations, thet 1 noise levels are obtained straightforwar

according to Parseval’s theorem, and the optimized RF
rotation angles in those sequences are also determined.

II. THEORY

The sequences for the absolute value mode P-type
N-type pulsed field gradient COSY, MQF-COSY, MQ
HMQC, and NOESY experiments are shown in Fig. 1. In
1, a, b, andg are the rotation angles of RF pulses, ande i is the
phase error of the RF pulse caused by instrumental instabi
In the calculations, we give out only those terms that
survive the coherence transfer pathway and consider on
effects of the RF pulses on the evolution of spinI i . Becaus
chemical shift and scalar coupling are mainly responsible
the precessing frequencies of the signal in P-type and N
experiments, and the PFG pulses are mainly used to sele
the desired coherence pathway in P-type and N-type ex
ments, we neglect those effects in the calculations.

A. Phase Error and Intensity of FID Signal

Consider the transformation of density operators unde
pulse (6)

I zO¡

u ~I xcose 1 I ysin e!
I zcosu

1
i

2
@I 1exp~2ie! 2 I 2exp~ie!#sin u [1]

I 6O¡

u ~I xcose 1 I ysin e!
I 6cos2

u

2

1 I 7sin2
u

2
exp~6i2e! 6 iI zsin u exp~6ie!, [2]

whereu is the rotation angle of the RF pulse, ande is the smal
phase error of the RF pulse caused by the instrumenta
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7t 1 NOISE AND SENSITIVITY IN PULSED FIELD GRADIENT EXPERIMENTS
producibility. In Eqs. [1] and [2], the density operators on
right-hand side are modulated byu and e in amplitude an
phase, respectively. The transformation coefficients are d
ent in different coherence transfer pathways. For examp
pathwaysI 1 3 I 2 and I 2 3 I 2, the changes of signal a
proportional to sin2(u/2)exp(1i2e) and cos2(u/2), respectively
So in the experiments with different coherence transfer p
ways and different RF pulse angles, the phase errors an
amplitudes of the FID signal will be different. In the followin
we follow the example of absolute value mode PFG M
COSY (Fig. 1).

In the N-type PFG MQF-COSY, the coherence pathwa
03 113 1q3 21, in whichq is the order of coherenc

e assume that a spin system withq weakly coupled spins
nitially at equilibrium state. For simplicity, we consider o
he density operator evolution of spinI i . After the first pulse

a(e1), we obtain

FIG. 1. Pulse sequences for absolute value mode pulsed field gradi
MQF-COSY, (b) COSY, (c) MQC, (d) HMQC, and (e) NOESY.a, b, andg
are the rotation angles of the RF pulses, ande i is the phase error of the R

ulse caused by instrumental instabilities.
e

r-
in

h-
the

-

is

I izO¡

a~I xcose1 1 I ysin e1!
I izcosa

1
i

2
@I i

1exp~2ie1! 2 I i
2exp~ie1!#sin a. [3]

Because only the11 quantum coherence will be selected
in the N-type MQF-COSY duringt 1, we only consider th
evolution of theI 1 term. Therefore, in the durationt 1, the
evolution of the density operator is

l~1!I i
1 O¡

t1

l~1!I i
1 P

j 951

q

I j 9z, [4]

where l(1) 5 i / 2 sin a exp(2ie 1) and j 9 Þ i . On the
right-hand side of Eq. [4], only the termI i

1 ) j 951
q I j 9z that can

be transformed into1q quantum coherence is given. As no
bove, rotations due to shift evolution and gradient effect

gnored. After the second RF pulseb(e2), we obtain the trans-
formation

l~1!I i
1 P

j 951

q

I j 9zO¡

b~I xcose2 1 I ysin e2!

l~1!l~2! P
i51

q

I i
1, [5]

where l(2) 5 {cos2 b/ 2 3 ((i / 2) sin b) q21exp[2i (q 2
1)e 2]}. In Eq. [5], only the 1q quantum coherence th
survives the N-type MQF-COSY is given. Because the mi
delay and the second PFG pulse are used to select out th1q
quantum coherence, we can neglect the evolution in the m
delay. After the third RF pulseg(e3) and the third PFG, w
obtain

l~1!l~2! P
i51

q

I i
1O¡

g~e3!
O¡

G3

l~1!l~2!l~3! O
i

~I i
2 P

j 9

I j 9z!, [6]

where l(3) 5 sin2(g/2)exp(1i2e 3)(1i sin g) q21exp
[ i (q 2 1)e 3]. From Eq. [6] and the value ofl(1), l(2), l(3),
we obtain that the signal of N-type MQF-COSY (FIDN) is
proportional to

(a)
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8 LIN ET AL.
FIDN } sin a cos2
b

2

3 ~sin b! q21sin2
g

2
~1i sin g! q21

3 exp@2ie1 2 i ~q 2 1!e2 1 i ~q 1 1!e3#

3 O
i

~I i
2 P

j 9

I j 9z!. [7]

Similarly, in P-type MQF-COSY (FIDP)

FIDP } sin a cos2
b

2
3 ~sin b! q21cos2

g

2
~sin g! q21

3 exp@ie1 1 i ~q 2 1!e2 2 i ~q 2 1!e3#

3 O
i

~I i
2 P

j 9

I j 9z!. [8]

In Eqs. [7] and [8], it can be seen clearly that the phase
in P-type MQF-COSY is smaller than that in N-type MQ
COSY, and the dependencies of the amplitudes on the ro
angles are different between P-type and N-type. The diffe
phase errors will result in differentt 1 noise levels, and th
different amplitudes will rely on different optimized rotati
angles. This is shown in the following.

Similarly, the FID signals of the absolute mode PFG CO
MQC, HMQC, and NOESY are calculated, and the results
presented in Table 1. In Table 1, the FID signals contain
those terms that are related to the phase errors and the ro
angles of RF pulses.

B. t1 Noise

The arbitrary phase error accumulated in the FID will re
in t 1 noise in the 2D spectrum, after Fourier transform. Bec

TAB
Coherence Transfer Pathway, P

Sequence Type Coherence pathway

MQF-COSY P 03 21 3 2q 3 21 exp{i
N 0 3 11 3 1q 3 21 exp{2

COSY P 03 213 21 exp(i
N 03 113 21 exp[2

MQC P 03 61 3 2q 3 21 exp{i
N 0 3 61 3 1q 3 21 exp{i

HMQC P 03 113 03 223 21 exp[2
N 03 113 123 03 21 exp[2

NOESY P 03 113 213 03 113 21 exp[i
N 03 213 113 03 113 21 exp[i

a The dependency of the amplitude in COSY on RF pulses is given i
b In the MQC experiment, we useb 5 90° to retain the symmetrical path

symmetrical pathways.
or

ion
nt

,
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the phase errore i has a small value, we can expand
exponential functions in the FID signals and keep only the
two terms. They are presented in Table 2. According to P
val’s theorem (2), the integrated noise power in thef 1 dimen-
sion of the final 2D spectrum will be the same as that in tht 1

time domain. Therefore thet 1 noise in an absolute value mo
spectrum will be proportional to the square root of the sum
the squares of the error contributions. If the phase errorse1, e2,
ande3 are all uncorrelated, and equal root mean square
signal amplitudee, in the P-type and N-type PFG MQF-COS
the ratiosN/S of the root mean square error signal amplitu
to the moduli of the signals will be

~N/S! P 5 Î~e1!
2 1 @~q 2 1!e2#

2 1 @2~q 2 1!e3#
2

5 e Î1 1 2~q 2 1! 2 [9]

and

~N/S! N 5 Î~2e1!
2 1 @2~q 2 1!e2#

2 1 @~q 1 1!e3#
2

5 e Î3 1 2q2; [10]

therefore, the ratio of thet 1 noise in P-type pathway to that
N-type pathway MQF-COSY is

~N/S! P:~N/S! N 5 Î1 1 2~q 2 1! 2:Î3 1 2q2. [11]

In Eq. [11], whenq 5 2, namely in DQF-COSY, the ratio
3:=11. Whenq 5 3, in triple-quantum-filtered COSY, th

atio is=9:=215 =3:=7. Thet 1 noise ratios of the absolu
mode PFG COSY, MQF-COSY, MQC, HMQC, and NOE
are presented in Table 2. It can be seen in Table 2 th
COSY, MQF-COSY, and MQC, the levels oft 1 noise in P-typ
experiments are lower than those in N-type experiments

1
e Error, and Amplitude of FID

Phase error and amplitude of FID signal

1 (q 2 1)e 2 2 (q 2 1)e 3]}sin a cos2(b/2)(sin b)q21cos2(g/2)(sin g)q21

e 1 1 (q 2 1)e 2 2 (q 1 1)e 3]}sin a cos2(b/2)(sin b)q21sin2(g/2)(sin g)q21

1 2 2e 2)]
a

e 1 1 (q 1 1)e 2 2 (q 2 1)e 3]}sin a cos2(g/2)(sin g)q21 b

e 1 2 (q 1 1)e 2 1 (q 1 1)e 3]}sin a sin2(g/2)(sin g)q21 b

1 2 e 2 2 2e 3 1 e 4)]sin a sin b sin g

1 1 e 2 2 2e 3 2 e 4)]sin a sin b sin g
2 2e 2 1 e 3 2 e 4 1 2e 5)]sin a sin b sin g

1 1 2e 2 2 e 3 2 e 4 1 2e 5)]sin a sin b sin g

qs. [14] and [15].
ys duringD and use the maximum phase change of the second pulse betw
LE
has

[e 1
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e 1)
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i (e
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9t 1 NOISE AND SENSITIVITY IN PULSED FIELD GRADIENT EXPERIMENTS
the ratio oft 1 noise in the P-type pathway to that in the N-t
pathway is=1:=5 in COSY,= 1 1 2(q2 1)2:=3 1 2q2 in
MQF-COSY, and=2 1 2q2:=1 1 2(q1 1)2 in MQC, while
the levels of thet 1 noise in P-type are equal to those in N-t
in the absolute value mode PFG HMQC and NOESY.

C. Optimized RF Pulse Rotation Angles

The dependencies of the signal amplitudes on the RF
angles are presented in Table 3. In each pulse sequence
are optimized RF pulse angles at which the maximum valu
signal amplitude will occur. In the absolute value mode P
MQF-COSY (q $ 2), from Eqs. [7] and [8] and Table 3, w
find that the maximum value of the signal amplitude occu

a 5 p/ 2

b 5 2 arc cotÎ 2

q 2 1
1 1, for q $ 2

TAB
t1 Noise Level and the Ratio of t1 Noise

Sequence Type Approximation of FID

t 1

MQF-COSY P 11 i [e 1 1 (q 2 1)e 2 2 (q 2 1)e 3] Î1 1

N 1 2 i [e 1 1 (q 2 1)e 2 2 (q 1 1)e 3] Î3 1

COSY P 11 ie 1 e

N 1 2 i (e 1 2 2e 2) Î5e

MQC P 1 1 i [6e 1 1 (q 1 1)e 2 2 (q 2 1)e 3] Î2 1

N 1 1 i [6e 1 2 (q 1 1)e 2 1 (q 1 1)e 3] Î1 1

HMQC P 1 2 i (e 1 2 e 2 2 2e 3 1 e 4) Î7e

N 1 2 i (e 1 1 e 2 2 2e 3 2 e 4) Î7e

NOESY P 11 i (e 1 2 2e 2 1 e 3 2 e 4 1 2e 5) Î11
N 1 1 i (2e 1 1 2e 2 2 e 3 2 e 4 1 2e 5) Î11

a The values of DQF-COSY experiments (q 5 2).
b Ref. (2).

TAB
Amplitude of the FID Signal a

Sequence Type Amplitude of FID

MQF-COSY P sina cos2(b/2)(sin b)q21cos2(g/2)(sin g)q21

N sin a cos2(b/2)(sin b)q21sin2(g/2)(sin g)q21

DQF-COSY P sina cos2(b/2)sin b cos2(g/2)sin g
N sin a cos2(b/2)sin b sin2(g/2)sin g

MQC P sina cos2(g/2)(sin g)q21

N sin a sin2(g/2)(sin g)q21

HMQC P sina sin b sin g
N sin a sin b sin g

NOESY P sina sin b sin g
N sin a sin b sin g

a In MQC experiment,b 5 90° is used to retain the symmetrical pathw
lse
ere

of
G

at

g 5 5
2 arc cotÎ 2

q 2 1
1 1, for q $ 2,

P-type MQF-COSY

p 2 2 arc cotÎ 2

q 2 1
1 1, for q $ 2,

N-type MQF-COSY

,

[12]

wherea, b, andg are the rotation angles of the three RF pu
in the MQF-COSY sequence, shown in Fig. 1. In the M
COSY sequence, the ratio of signal intensity in an experim
with the optimized angles to that in an experiment witha, b,
g 5 90° is

2
P-Type to That in N-Type Experiments

se relative to signal (N/S) t 1 Noise relative to P-type

heory Experiment Theory Experime

~q 2 1! 2e 1/679a 1 1a

q2e 1/481a Î3 1 2q2/Î1 1 2~q 2 1! 2 1.41a

1/1927b 1 1b

1/1318b Î5 1.74b

q2e — 1 —
~q 1 1! 2e — Î1 1 2~q 1 1! 2/Î2 1 2q2 —

— 1 —
— 1 —
— 1 —
— 1 —

3
the Optimized RF Pulse Angle

Optimized RF pulse angles

a 5 90°, b, g 5 2 arc cotÎ2/~q 2 1! 1 1, for q $ 2
a 5 90°, b 5 2 arc cotÎ2/~q 2 1! 1 1,g 5 1808 2 b, for q $ 2
a 5 90°, b, g 5 60°
a 5 90°, b 5 60°, g 5 120°
a 5 90°, g 5 2 arc cotÎ2/~q 2 1! 1 1, for q $ 2a

a 5 90°, g 5 180° 2 2 arc cotÎ2/~q 2 1! 1 1, for q $ 2a

a, b, g 5 90°
a, b, g 5 90°
a, b, g 5 90°
a, b, g 5 90°

s duringD.
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10 LIN ET AL.
Sopt/S908 5 4Fcos2Sarc cotÎ 2

q 2 1
1 1D

3 sinq21S2 arc cotÎ 2

q 2 1
1 1DG 2

. [13]

When q 5 2, the MQF-COSY is the conventional DQ
OSY, in which the optimized angles area 5 90°, b 5 60°,

and g 5 60° (P-type) ora 5 90°, b 5 60°, andg 5 120°
(N-type). About a 69% increase in signal intensity may
achieved by using the optimized RF pulse angles. Whenq 5

, in the triple-quantum-filtered COSY experiment, the o
ized angles area 5 90°, b 5 70.5°, andg 5 70.5° (P-type

or a 5 90°,b 5 70.5°, andg 5 109.5° (N-type). The increas
in sensitivities of N-type and P-type are about 40% over t
of the same experiments usinga, b, g 5 90°.

In the N-type absolute value mode PFG COSY experim
the diagonal peak comes from

I izO¡

a~e1! i

2
I i

1sin a exp~2ie1!O¡

t1

i

2
sin a~I i

1cospJt1 2 i2I i
1I jzsin pJt1!

3 exp~2ie1!O¡

b~e2! i

2
sin a

3 SI i
2 sin2

b

2
cospJt1 2 i2I i

2sin2
b

2
I jzcosb sin pJt1D

3 exp~2ie1 1 i2e2!, [14]

FIG. 2. Absolute value mode proton PFG DQF-COSY spe
e

-

e

t,

where the spinsI i and I j are the operators of a two-spin we
coupled system. The cross peak comes from

I izO¡

a~e1! i

2
I i

1sin a exp~2ie1!O¡

t1

2 sin aI i
1I jzsin pJt1exp~2ie1!O¡

b~e2!
2

1

2
sin a

3 I izsin b 3 I j
2sin b sin pJt1exp~2ie1 1 i2e2!. [15]

rom Eqs. [14] and [15], we can conclude that in N-t
OSY the diagonal peaks will be deemphasized whena 5 90°

andb , 90°, while emphasized whena 5 90° andb . 90°.
Similarly, in P-type COSY, whena 5 90° andb , 90°, the
diagonal peaks will be emphasized, whilea 5 90° andb . 90°
will be deemphasized.

In the MQC experiment, the symmetrical pathways
retained by usingb 5 90°. The optimized angles are

a 5 p/ 2

g 5 5 2 arc cotÎ 2

q 2 1
1 1, for q $ 2, P-type MQC

p 2 2 arc cotÎ 2

q 2 1
1 1, for q $ 2, N-type MQC

.

[16]

. (a) P-type and (b) N-type versions of the pulse sequence in Fig. 1.
ctra
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11t 1 NOISE AND SENSITIVITY IN PULSED FIELD GRADIENT EXPERIMENTS
In the MQC sequence, the ratio of intensity in the experim
with the optimized angles to that in the experiment witha, b,
g 5 90° is

Sopt/S908 5 2Fcos2Sarc cotÎ 2

q 2 1
1 1D

3 sinq21S2 arc cotÎ 2

q 2 1
1 1DG . [17]

However, in HMQC and NOESY experiments, all of the
timized RF pulse rotation angles are equal to 90 or 180°

III. EXPERIMENTS AND RESULTS

All of the proton absolute value experiments were acqu
on a Varian Unity 500 spectrometer, using a 5-mm tri
resonance pulsed field gradient probe. The sample us
(N,N-diethylamino)ethyl caproate in deuterochloroform.

Figure 2 shows the absolute mode PFG DQF-COSY spe
The spectral width was set to 5000 Hz in each dimension,
2048 complex data points int 2 (acquisition time 0.205 s) an
256 t 1 increments. The recycle time was 9.6 s. The P

QF-COSY were carried out using four scans per increm
ith rectangular gradient pulses of 5-ms duration and app

mately 8 G cm21 for G1 strength (G1:G2:G3 5 1:1:63). The
absolute value spectra were obtained by one-time zero-fi
in t 1 and sine-bell weighting centered on 0.102 s int 1 and
0.022 s int 2, respectively. We use the region between 6 a
ppm in the absolute valuef 1 cross section throughf 2 5 2.28

pm for thet 1 noise samples. The ratios of thet 1 noise are
presented in Table 2. From Fig. 2 and Table 2, we can
clearly that the level of thet 1 noise in P-type MQF-COSY
lower than that in N-type.

Figure 3 shows the 1D spectra of thef 2 dimension (directl
detected dimension) of the absolute value mode PFG D
COSY and TQF-COSY (triple-quantum-filtered COSY). Al
the spectra in Fig. 3 were recorded with only one transien
only onet 1 increment,t 1 5 20 ms. The peak amplitudes a
numbered above the peaks. From Fig. 3, we note that the
heights of P-type are lower than those of N-type, becaus
N-type pathway can refocus the field inhomogeneity.
sensitivity enhancements are clearly seen in Fig. 3.

IV. DISCUSSION

As the foregoing analysis and experiments show, thet 1 noise
nd signal amplitude are closely related to the coherence

er pathway and the RF pulses of the experiment. Our the
cal results indicate thatt 1 noise in P-type COSY, MQF
COSY, and MQC experiments is lower than those in N-
experiments. The theoretical ratios oft 1 noise in P-type to tha
in N-type is 1:=5 in COSY, =1 1 2(q2 1)2:=3 1 2q2 in
MQF-COSY (whenq 5 2, in DQF-COSY, the ratio is=3:
nt
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=11 ' 1:1.91), and=2 1 2q2:=1 1 2(q1 1)2 in MQC,
hile in HMQC and NOESY both ratios are 1:1. In o
xperiments, the ratio in P-type DQF-COSY to that in N-t

s 1:1.41. It is reasonable that our experiment ratio is lo
han the theoretical value because there are other sourcet 1

noise, such as frequency, gain, or shimming irreproducib
but most of these sources do not produce a differentt 1 noise
effect between the P-type pathway and the N-type path
The t 1 noise also shows a dependence on the time-do
weighting functions used; however, thet 1 noise advantages

FIG. 3. Absolute value mode PFG MQF-COSY spectra of (a) dou
quantum-filtered COSY (DQF-COSY) and (b) triple-quantum-filtered CO
(TQF-COSY) using the pulse sequence shown in Fig. 1. The numbers
the peaks are the peak intensities relative to the same experiments usina, b,
g 5 90°.
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12 LIN ET AL.
P-type over N-type experiments remain clear over a wide r
of different processing conditions. Our result for COSY ex
iments is similar to that obtained by Horne and Morris (2), but
our calculation method is different. The results presented
may be significant in situations such asin vivo spectroscopy
The t 1 noise rather than thermal noise may be the limi
factor in the detection of cross peaks where signals are
ciently strong. On a modern NMR instrument this may no
until the signal-to-thermal-noise ratio is over 1000:1, bu
biological applications the P-type experiment may have ad
tages over the N-type because of the spectroscopy instab
(2). The differences oft 1 noise in pulse sequences stem fr
the phase errors being different in different coherence
ways. For example, the phase error is exp(1i2e) in I 1 3 I 2,
while zero inI 2 3 I 2.

The optimized RF pulse angles may result in sensit
enhancement in the experiments. It arises from this tha
maximal conversion efficiency of coherence occurs at
optimized angles, which are not always the 90° pulses.
optimized angles in MQF-COSY show an increase in sen
ity of about 4(cos2u sinq212u ) 2 2 1 (u 5 arc co
=2/(q2 1) 1 1) over the same experiment using 90° pul
In MQC, the increase of sensitivity is 2 cos2u sinq212u 2 1
u 5 arc cot=2/(q2 1) 1 1). If a phase-sensitive spectrum
acquired by recording N-type and P-type signals, respect
the sensitivity in N-type being higher than that in P-type
result in a spectrum with a phase-twist lineshape, bec
adding the anti-reversed N-type and P-type spectra tog
cannot cancel the dispersive parts of the phase twist. Ther
choosing a set of suitable rotation angles of RF pulses or
ge
r-

re

g
ffi-
e
n
n-
ies

h-

y
he
e
ur
v-

.

ly,
l
se
er
re,
ng

suitable weighting coefficients in Fourier transform to m
sensitivity in the N-type equal to that in the P-type is impor
in performing phase-sensitive experiments.
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